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We showthat if M is acompactsimply connectedRiemannianmanifoldwhosegeodesic
flow is completelyintegrablewith non-degeneratefirst integrals,then the loop spaceho-
mology of M growssub-exponentially.We also showthat if for somepoint p E M, the
geodesicflow of M admitsaction—anglecoordinateswith singularitiesin a neighborhood
of everyvector in the unit sphereat p, then M is Z-elliptic.
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1. Introduction

In this paperwecontinuethe investigationwebeganin [21—23]concerning
topologicalpropertiesof manifoldswith completelyintegrablegeodesicflows.

It is a classicalresult of Dinaburg [41that the vanishingof the topological
entropyh~

0~of the geodesicflow V~tof acompactRiemannianmanifoldM im-
pliesthat thefundamentalgroup,x1 (M), growssub-exponentially;but perhaps
moreinteresting,if ir1 (M) is finite thenit follows from resultsof Gromovand
Yomdin (cf. [21, Theorem3.2]), thath~0~= 0 impliesthat the loop spaceho-
mology of the manifold grows sub-exponentially.In particularM is rationally
elliptic (cf. [12]); a very restrictiveproperty.Thus anaturalapproachto the
problemof finding topologicalrestrictionson manifoldswith completelyinte-
grable geodesicflows is to investigatethe vanishingof the topologicalentropy
of ~ In a moregeneralsettingthe relevantquestionis: does the topological
entropyof acompletelyintegrableHamiltonianvanish?In [21,22] weshowed
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thatthe topologicalentropyvanishesin the caseof a collectiveintegrablesystem
[13] (collectivecompleteintegrability includestheThimm method[261), and
it is the purposeof thepresentpaperto investigatefurtherthismatter.

We will showthatif thefirst integralsverify a rather“generic” condition,then
the topologicalentropyof the Hamiltonianflow on any compactinvariant set
vanishes(cf. Theorem2.2). We will also showthat if for somepointp E M,
the geodesicflow of M admitsaction—anglecoordinateswith singularitiesin a
neighborhoodof everyvectorin the unit sphereat p, thenM is 1-elliptic [9]
(cf. Theorem2.5).

2. Definitions andstatementof results

We will alwaysassumethat all Hamiltonianvectorfields are completeand
that all ourobjectsare C~.

Let (X, w) be asymplectic2n-dimensionalmanifold with Poissonbracket
{, } andlet H: X —~ ~ a smooth(i.e. C°°)Hamiltonianwith associatedHamil-
tonianvectorfield ~ The HamiltonianH is saidto becompletelyintegrableif
thereexistn smoothfunctions(calledfirst integrals) fi, ..., f,~definedon X so
that:

(i) {fj,fj} = 0 i,j = l,...,n,
(ii) {f1,H} = 0 i = 1,...,n,
(iii) the functionsf1, ...,f,~arefunctionally independentalmost everywhere,

i.e., thereexistsanopenset X’ c X whosecomplementhaszeromeasuresothat
df,, ..., df~arelinearly independentfor eachpoint in X’.

Frequentlyonefinds in the literatureadefinition of completelyintegrability
thatdiffers sligthly from the previousone in the sensethat in condition (iii)
one only asksfor the set X’ to be dense.In the real analyticcategorythe two
conditionsareequivalent.

Set now F := (fi, ...,f,~): X —f ~ As it is well knownthe flow of~Hleaves
thelevelsetsF’ (c) invariantandif c isaregularvalueofF andF’ (c) is com-
pact, thenthe connectedcomponentsof F’ (c) aren-dimensionaltori T~and
in aneighborhoodof thesetori thereexistsa canonicalcoordinatesystem(1,0),
0 E TP?, I ~ ~ suchthatH is a functiononly of thenvariablesI = (I,, ...,1~).
This implies that the flow of ~H is periodic or quasi-periodicon the n-tori de-
finedby I = const.The coordinates(I, 0) arecalledaction—anglecoordinates.
The previousresult was provedby Arnold [21 undercertainconditions,later
removedby Jost [16] (seealso [1,6,201).

A crucial assumptionfor the existenceof action—anglecoordinatesis that c
is a regularvalueof F. Onecould askthen: how is the dynamicsof ~H on the
singularset i.e, on the complementof X’? Can the flow of ~H generateposi-
tive topologicalentropyon the singularset?For arbitrarycompletelyintegrable
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smoothHamiltoniansthereis, a priori, no reasonto expectan uncomplicated
behaviourof the flow of ~H on the singularset, howeverthe authorknows of
no examplethatexhibitspositivetopologicalentropy (in [181 thereareexam-
ples of geodesicflows on surfaceswith genus� 2 that possessa first integral
independentof the energyintegralon an opensetX’ but X’ is not evendense).

ForarealanalyticcompletelyintegrableHamiltonianit isreasonableto expect
the vanishingof the topologicalentropyon the singularset.This is the caseif
thesymplecticmanifoldhasdimension4 (thisaconsequenceofresultsof Katok
andMosercf. [231), howeveras far as weknowthe generalcaseremainsopen.

Let usnow describeourresults.Let X be a symplectic2n-dimensionalmani-
fold, let HbeacompletelyintegrablesmoothHamiltonianandlet F = (f,, ...,

Foreachpointx eX consider0(x), the orbit of x undertheflows of~f1,...,~f,
andsupposethatthe rankofdF~is k.Thenwithout lossofgeneralitywecanas-
sumethat~, ~ ~ arelinearly independentatx (andthustheywill belinearly
independentfor everypoint in 0(x)). Associatedwith 0(x) we candefinea
Lie algebraF asfollows:

F = {g E C~(0(x)):{J,g} = 0, i = l,...,n},

where C~(0(x)) denotesthe set of all smoothfunctionsthat are definedon
someneighborhoodof 0(x). Oneeasilychecksthatanytwo functionsin F are
in involution [15, Prop. 2.1] (in the latter referencethe settingis real analytic
but analyticity is not neededfor the previouslymentionedproperty).

Since~j1, ..., c~j~arelinearly independentatx wecanintroduce[1] symplec-
tic coordinates(u,v,z) with (u,v) e R

21’ and z E IF~2”~(m + k = n) in a
neighborhoodU of x = (0,0,0) suchthat in thesecoordinteswe have:

f(u,v,z) = v
1 i =

w = ~ du~A dv~+ ~ d~A ~ z = (~, ~).

With respectto thesecoordinatesafunctiong belongsto F if andonly if g is
independentof u. For the following definition seealso [15, Def. 2.31.

Definition 2.1.The orbit 0(x) is saidto benon-degenerateif thereexistsg E F
suchthatg~(0,0) = 0 and~zz (0,0) is an invertible matrix.

We will saythatH is completelyintegrablewith non-degeneratefirst integrals
if everyorbit 0(x) is non-degeneratein the sensewe definedabove.

The definitionis independentof thechoiceof coordinatesystemsinceit can
bereformulatedin amoreintrinsic languageasfollows. Set G : = (fi, ..., fk) and
considerlocally thesymplecticreduction:m : G’ (h) n U —+ (G’ (h) n U)/R’~,
whereG(x) = h. Then0(x) is a non-degenerateorbit if andonly if for some
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g E F, ~ has anon-degeneratezeroat n(x), where~ denotesthe function
inducedby g on the symplecticreduction.

We also observethat Definition 2.1 is void at pointsx E X for which F is
a submersion,hencenon-degeneracyis in facta conditionon the first integrals
overthe singularset.Onecanregardnon-degeneracyas afairly “genericassump-
tion” on the first integrals.In fact mostof the well knownexamplesverify this
condition.For instanceit is easyto checkthatnon-degeneracyholdsin thecase
of thesphericalpendulum,the Kowalevskayatop andthe Poissonsphere.The
geodesicflow on the n-dimensionalellipsoidand the Neumannproblemalso
admit non-degeneratefirst integrals;this is basicallyprovedin [17, Section61.

Our first resultis the following:

Theorem 2.2.LetX beasymplecticmanifoldandlet Hbea smoothHamiltonian.
AssumeH is completelyintegrablewith non-degeneratefirst integrals.Let ~ be
theHamiltonian vectorfieldcorrespondingto H andlet w~denotetheflowof~H.

Let N c X be anycompactseparable~eit-invariantsubset.Thenthe topological
entropyoftheflow Y/t IN on N is zero.

Hence,from ourdiscussionin the introductionfollows:

Corollary 2.3.Let M be a compactRiemannianmanifold whosegeodesicflow
is completelyintegrable with non-degeneratefirst integrals. Then it1 (M) has
sub-exponentialgrowth. If it, (M) isfinite then the loop spacehomologyofM,
~L, dimH,(c�M,K), growssub-exponentiallyfor anycoefficientfieldK.

We shouldmentionthat regardingit1 (M) andH, (M,cI) ofa compactmani-
fold M with acompletelyintegrablegeodesicflow, someverysatisfactoryresults
havebeenobtainedby Taimanov [24,25] using different methodsfrom ours.
He showedin [24] that for real analytic integrablegeodesicflows (andmore
generallyfor smoothgeodesicflows with a set of “geometricallysimple” smooth
first integrals), ir,(M) is almostabeliananddimH, (M,Q) ~ dim M. More-
over, in [25] it is shownthat the rational cohomologyring of M containsa
subringwhich is isomorphicto the rational cohomologyring of a torus of di-
mensionequalto dim H, (M,Q). We referto [10] for relatedresultsfor other
mechanicalsystems.

FollowingFelix, HalperinandThomas[9], wewill saythatasimplyconnected
compactmanifoldM is i-elliptic if >~‘, dim H1 (GM,K) growspolynomially
for anycoefficient field K. Spaceswhich areZ-elliptic possessremarkabletopo-
logical propertiesas it is shownin [9]. In generalit is not known whether
sub-exponentialgrowthimpliespolynomialgrowth for theloop spacehomology
unlessthe field K has characteristiczero or the characteristicp ~ 0 verifies
the conditionp > dim M/r wherer is the least positive integersuchthat M
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hashomologyin degreer [14]. As a resultwe do not knowif Corollary 2.3 as
well as ourpreviousresultsin [21,22] canbestrengthenedto provethat in fact
M is i-elliptic. Neverthelesswe will show that 7L-ellipticity is a property that
mustbeverified by thosemanifoldswhosegeodesicflows admiton a “nice” set
action—anglecoordinateswith singularities.

Let X be asymplecticmanifold of dimension2n, andlet H: X —* R be a
smoothHamiltonian.

Definition 2.4.A systemof action—anglecoordinateswith singularitiesarounda
point x E X for the HamiltonianH, consistsof an open set U c X aroundx
andadiffeomorphism~: U —p T”~xD, xD2 whereT” is ak-dimensionaltorus
with coordinates0 = (0,, ..., Ok), D, is a domain of Rk containingthe origin
with coordinatesI = (I,, ..., I~)andD2 is adomainofR

2°~containingtheorigin
with coordinates(~, ‘~)= ~ ..., ~m, p

1,, ..., ‘im), suchthat
(i) w = q~w0wherew0 = ., d0~A dIj + >~,d~A‘ij, (k + m = n).
(ii) Ho~c’ is afunctiononlyof I,, ..., I~andt,, ..., ~ with x~,= (~+‘i~

2)/2.

The classicalaction—anglecoordinatescorrespondto m = 0. Eliasson,Ito
andDufourandMolino provedthe existenceof action—anglecoordinateswith
singularitiesfor completelyintegrablesystemsof “elliptic type” (cf. [8,p. 9] [15,
Theorem2.8] [7, p. 154] for details).

In Section4 wewill show:

Theorem2.5.LetM be a compactsimplyconnectedRiemannianmanifold.Sup-
posethereexistsp E M suchthatfor everyvector in the unit sphereat p wecan
introduceaction—anglecoordinateswith singularitiesfor thegeodesicflow. Then
M is i-elliptic.

3. Vanishingof the topologicalentropy

Let X be a symplecticmanifold andlet H be a smoothHamiltonian.Assume
thatH is completelyintegrablewith non-degeneratefirst integralsf,, ..., f,~.Set
F= (f,,...,f~)anddefine

= {x eX: rankdF~= k}.

Lemma3.1.~k isa symplecticsubmanifoldofdimension2k.

Proof Fix x E ~k andconsideras in Section2 asymplecticcoordinatesystem
(u,v,z) definedon aneighborhoodU of x. It sufficesto showthat in these
coordinatesUn ~ = {(u,v,z) : z = 0}. Observefirst that (u,v,z) E ~k
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if andonly if every g E F verifies gz(v,z) = 0. From [15, Prop. 4.1] (no
analyticityis neededfor this claim) it follows thatif the orbit is non-degenerate,
anygeFverifiesg~(v,0)=0andthus{(u,v,z):z=0}cUfl~k.

Now let ~ ~ F be a functionso that ~ (0,0) = 0 and~ (0,0) is invertible.
Henceit is clearthatUn ~k c {(u, v, z) : g~(v, z) = 0}, but since~ (0,0) is
invertible,theset {(u, v,z) : g~(v, z) = 0} is a smoothsubmanifoldof dimen-
sion 2k in aneighborhoodof theorigin. Thus shrinkingthe set U if necessary,
Ufl~k = {(u,v,z) : z = 0} as desired.

Observation3.2.Foreachpoint x E X considerthe vectorspaceR(x) obtained
by takingthequotientof Ker dF~by thesubspacegeneratedby ç~j(x), ..., c~r~(x).
Now observethat the 2-jetsof the first integralswhosedifferentialvanishesat
x, give rise to an abeliansubalgebraH (x) of the spaceof quadraticforms on
R(x). In thelocal coordinatesweintroducedin Section2, H (x) is generatedby

(fk+1 )~ (0,0),...,(f~)~(0,0).One easilychecksthat ifH(x) is a Cartan (i.e.
maximal) subalgebraof the spaceof quadraticforms on R(x) then the orbit
0(x) is non-degenerate.Conditionsof this sort werestudiedby Eliasson [81
andwerealsoconsideredby Desolneaux-Moulis[5].

Beforewe startwith the proofof Theorem2.2 let usrecall a few knownfacts.
Let X bea symplectic2n-dimensionalmanifold, let H be acompletelyintegrable
smoothHamiltonianand let F = (f,,...,f~).Let 12 denotesomeconnected
componentof F’ (c). Then if c is a regular value of F and Y~tdenotesthe
flow of ~H, then ~‘t I1~o is differentiably conjugateto a translation-typeflow on

x T~k[1, Theorem5.2.24].A flow (Ot : x T~~_k_~ ~k x T~~_kis calleda

translation-typeflow if for somevector v = (v,, ..., v~)e 11’~wecan write

= (x, + tV,,...,X~ + tVk,Ok+, + tvk+,(mod 1),...,On + tv~(mod1)).
(1)

Clearly for k = 0 the flow is periodicor quasi-periodic.
Recall that an orbit y of a flow Wt is called recurrent if y c w(y), where

w(y) denotesthe co-limit set of y. Clearly it follows from the definition that
a translation-typeflow hasno recurrentorbits if k ~ 0, i.e., if it acts on a
non-compactspace(providedof course,onedoesnot considerthe trivial case
V1 = ... = vk = 0 in which the first k coordinatescan be ignored).

ProofofTheorem2.2.Usingthevariationalprincipleof thetopologicalentropy
it sufficesto showthat if ~t is aBorel Wt-invariantergodicprobability measure
on N then the metric entropyof the system (N, W~IN, p~)is zero. Consideras
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beforethe strata~r as

= {x E X: rankdF~= r}.

Since~,. is ~ti~-invariantfor all 0 < r < n andit is ergodic,thereexists r0 and
aconnectedcomponentof ~ro that we call ~, for which ~u(~ n N) = 1. We
canassumewithout loss of generalitythat df1, ..., df~arelinearly independent
everywhereonE~.Let G : = (fr, ...~ J~)l~:~? —~ Rro.Onceagainby ergodicity

thereexists c E R”° so that for someconnectedcomponent,1,2, of G~(c) we
havethat it (1,2 n N) = 1. By the PoincaréRecurrenceTheorem[19, Theorem
2.3] the set 7?. of recurrentorbits of V/i on 1,2 n N hasfull measure.Hence it
sufficesto showthatthe metricentropyof the system(7?., Y/t Ir~,it)is zero.

Now by Lemma3.1 if H is completelyintegrablewith non-degeneratefirst
integrals,thentheset~ isasymplecticsubmanifoldofX of dimension2r0.Thus
the mapG : —~ W°is asubmersionandthenit follows from the discussion
after Observation3.2 that Y~t i~is differentiablyconjugateto atranslation-type
flow on Rk x Tro—k. But if k ~ 0 it follows that V/i hasno recurrenceon 1,2 and
thus7?. is emptywhich is absurd.Hencek = 0 andthe flow V~ton 1,2 is periodic
or quasi-periodic.In eithercaseit is well knownthat the metricentropyof such
flow with respectto anyinvariantprobabilitymeasureiszeroandthusthemetric
entropyof the system(7?., ~/t ~ it) is zero, as desired.

4. Z-ellipticity

We briefly describetheideaofthe proofof Theorem2.5. Via Morsetheorywe
canboundthe growth of the loop spacehomologyby the growth of thevolume
of theiteratesunderthe geodesicflow of the unit sphereatp. Theexistenceof
action—anglecoordinateswith singularitieswill imply that the latter growth is
polynomial.

We startwith a preliminarydiscussion.Let M be a compactRiemannian
manifoldwith geodesicflow ~ LetS~denotetheunit sphereatp with canonical
measurev. Foreachq � M definenp).(q) asthenumberof geodesicsconnecting
p and q with length<L Considerthe function

I~(~)=fnp,~.

In [3] it was provedthatthis integral is well definedand

‘p~ = /dtfldetAv(t)Idv(v)~ (2)



296 G.P. Paternain / Completelyintegrablegeodesicflows II

where A~(t):(yi1v)-~-—* (y,,v)-
1- is the unique family of linear maps along

the geodesicdefinedby v verifying the Jacobiequationwith initial conditions
A~(0)=0andA~(0)=Id.

Foreachv E S~,takethegeodesicexp~tvandanorthonormalbasis{v, e
2, ..., e~}

in T~,M.Considerthe Jacobifields J,(t) suchthat.J1(0) = 0, .1(0) = e. Then
detA~(t)j= ~/Idet(J,(t),J1(t))j. Since

~/det(J1 (t), Jj (t))I ~IIJ2(1) II ... II Jn (t) II

and Il J1(t) 11<11 dy,1 II we obtainfrom equation(2)
I~(~)~ fdtf H dy,1 II~’dv. (3)

Onthe otherhand,it follows from Morse theoryandresultsof Gromovin [111
(cf. also [21, p. 115]), that if it, (M) is finite there existsa constantc > 0
dependingonly on the geometryof M so thatfor )~� 1:

c(A—1)

Vol(M) ~ dimH1(QM,K)<I~~.).

Henceif we combinethe last equationwith equation(3) we obtain

c(A—1)

~ dimH~(~M,K)~ Vol(M) fdtf II dy,1 In_i dv. (4)

1=1 0 S,,

ProofofTheorem2.5. Equation(4) impliesthatto proveTheorem2.5 it suffices
to showthat II dyi1 II is uniformly boundedfor eachv eS~,by apolynomial in I.

Fix v ~ S~andlet U and~ beasin Definition 2.4. Our settingnow is X = TM
with the symplecticstructureobtainedby pulling backthe canonicalsymplectic
structureof T*M by usingthe Riemannianmetric andH = ~-IIv12.

Conditions(i) and (ii) in Definition 2.4 imply that the flow ~ o V/i o ~ of
~Ho~ is determinedby the equations(k + m =

01 = O(H-’) = 0 (1 =ö(Hoq~~’) . a(HoqY-’)= ‘i~ = — a ~ (j = l,...m).

Theseequationsareeasilysolvedandthefollowing formulafortheflow of~H0~-
is obtained:

(5)

= (~cos(w,t)+ ‘isin(w,t), ‘icos(coit) — ~sin(w,t), I, co2t(mod1) + 0),
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where

w
1(1,r) = 0(Ho~~l)(JT)

co2(1,r) = 8(Ho~~l)(,) (6)

Thusthedifferentiald~o dy,1odq~’canberepresentedby amatrixwhoseentries
areboundedby linearpolynomialsin t. Hencethereexistconstantsa andb (that
dependon U) sothat for v e U

IIdy,tII ~ at + b. (7)

Since~ is compactandwecan introduceaction—anglecoordinateswith singu-
laritiesfor everypoint in Si,,, we cancoverSjr, with a finite numberof setsfor
whichthe bound(7) holdsandthus dy,1 II canbeboundeduniformly in ~ by
alinear polynomial in I as desired.

5. Final remarks

Corollary 2.3 alsoholdsfor amoregeneralclassof Hamiltoniansystemson
cotangentbundles.It is sufficientto assumethatH is optical (orconvex)i.e. H
haspositivedefiniteHessianrestrictedto the fibres of T*M. For suchHamil-
toniansthe vanishingof the topological entropy of the flow restrictedto an
appropriateenergylevel imposesthesametopological restrictionson the loop
spacehomologyas for the geodesicflow case.

It wouldbevery interestingto investigateunderwhichconditionsacompletely
integrableHamiltonian canbe approximatedby anotherwith non-degenerate
first integrals.A statementof this sort, combinedwith the fact that optical
Hamiltoniansare rough, will imply that Corollary 2.3 alsoholds for a much
largerclassof systems.This ideawasin fact whatmotivatedthe authorto con-
sidernon-degeneratesystemsin the senseof Definition 2.1.
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